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1. INTRODUCTION 
Some work on shock waves in relativistic fluids was reported earlier by the 
present author [l, 2, 31. It was confined either to weak shock waves or to 
fluids in which the electromagnetic phenomenon is absent. Strong shock 
waves in electrically conducting relativistic fluids is still an almost unexplored 
field, no doubt some attempts in that direction have been made, among 
others, by Coburn [4], Saini [5], Kanwal [6], Israel [7] and Lichnerowicz [8]. 
The aim of the present paper is to develop a workable mathematical theory 
for a discussion of such waves. 
Our aim is to find out the explicit form of the interdependence relations 
for the physical quantities on the two sides of a strong shock wave. These 
relations will then be found to be highly suitable for a knowledge of the 
properties of the shock wave, its mode of propagation and a qualitative, as 
well as quantitative, behavior of the jumps in the physical quantities. 
The topics discussed in this paper may be described as follows. In Section 3 
we consider the fundamental equations of relativistic mechanics of infinitely 
electrically conducting, inviscid, compressible fluids. In place of the second 
rank tensors of the electromagnetic theory, use has been made of a 4-dimen- 
sional vector, called the relativistic magnetic vector. It is then shown that 
the fundamental equations can be put in a much more convenient form. This 
vector is found to be spacelike. In the main body of the paper, therefore, the 
electromagnetic fields appear through this single vector. In Section 4, we 
give the basic relations to be satisfied by the various physical quantities at a 
typical relativistic hydromagnetic shock wave that might exist in spacetime. 
A few remarks on these relations are also made. In Section 5, two cases are 
discussed, namely (i) the shock wave is a contact manifold and (ii) the shock 
wave is such that across it the relativistic magnetic 4-vector vanishes if 
already present or appears if already absent. These are the “switch off” and 
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“switch on” shocks. In Section 6, we discuss the case of shock waves across 
which the component of the relativistic magnetic vector along the normal to 
the shock wave is continuous and nonzero. Lastly, Section 7 is devoted to a 
detailed study of the perpendicular shock waves. A number of interesting 
results are derived and the quantitative behavior of the jumps in the various 
physical quantities has been shown in the form of a stable. 
2. NOTATION 
Throughout this paper the Latin suffices take the values 1, 2, 3, 4. The 
usual rules of tensor algebra (as, for example, summation over repeated 
suffixes, raising and lowering the suffixes, etc.) are applied without much 
further specification. A curvilinear coordinate system in the space-time of 
general relativity will be denoted by xi. The ordinary (partial) and the 
covariant derivatives of a quantity are denoted by a/axi and Vi respectively. 
Further let hi be the timelike unit 4-velocity vector, gi, the metric tensor, 
g the determinant of gi, , and cijkl the permutation tensor. The stress energy 
tensor will be denoted by Tij , while Eii , Hij , Jj denote the electromagnetic 
field tensors and electric current 4-vector. We also make the following 
definitions: 
rl ijkl E -(I g 1)-l/Z &Id; %kZ = (1 g 1J1’2 %kl 
& G &,ijklHkl; +I.. z: 1 ,. 
23 2hkl 
Hk1 
Hii 3 +,+iklfik,; H..E:-l. &l 
23 2%kl . 
Further, E, p are the dielectric constant and the magnetic permeability of 
the fluid. They are taken as constants. 
Next, p, T, p, e, S are respectively the pressure, temperature, total proper 
mass per unit volume, total proper internal energy per unit mass, and the 
specific entropy of the fluid. None of them is taken as a constant. 
Finally, we shall use the rationalized units in which the velocity of light 
will be taken as unity and a factor 4rr does not occur in Einstein’s field equa- 
tions and the equations of the electromagnetic theory. 
3. FUNDAMENTAL EQUATIONS 
For infinite electrical conductivity, the general macroscopic equation of 
relativistic magneto-fluid-dynamics may be written as [9] 
Ai2 = 1 (1) 
Vi(Ph”) = 0 (2) 
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V.Tij :. 0 
I (3) 
V.E;rij = 0. 2 
ViHij = p;‘, 
/\.p Lz 0 (4) 
(5) 
TdS = de + pd( 1 /p), 
P = Ph 4; 7 = 1 i- e +p/p, 
Tij = prlhiXi _ pgo + &I - (1 - +) T,ix2%, 
7ji = $p-lgjiHm,Hmfi - p-lHmniHmj . 
(6) 
(7) 
(8) 
(9) 
In the above equations, the dielectric constant E and the magnectic permeabil- 
ity p are constants and are allowed to differ from their vacuum values. 
Radiation, heat conduction, viscocity and chemical reactions have been 
neglected. 
It will be convenient in our further work to use a 4-dimensional vector, to 
be called the relativistic magnetic vector, in place of the skew-symmetric 
tensor Hij. Thus, let us define a 4-vector Hf by the relation 
,+Hj = &&ii, 
(10) 
so that, if we write the second equation of (4) as 
XiAjk f Xjkki + Ak&ij = 0, 
(11) 
and multiply it by hi , we will get 
fiik = p(pffk _ hkf$j). w 
Also, it follows that 
Hii = ,@klHk& . (13) 
Now, because of the skew-symmetry of kij, it follows from (10) that 
&Hi = 0. (14) 
Further, the Maxwell’s equations (see Eqs. (4) and (5)) become 
$j”zVi(HJ,) = I’, (15) 
V,(hiHj - hiHi) = 0. (16) 
Also (9) takes the form 
.ii = -p(hi@ _ J&j) HkHR _ pffiHi. (17) 
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Then the energy-momentum tensor P (see Eq. (8)) may be written as 
pi = pwphi - p@i - @iHj, (18) 
where w and P are defined as 
pw = PT + ~(1 - Q) Hz; 32 = (1 - EP)/2 (19) 
P=pf&pH2; H2 = -HkHk. cw 
Since hi is a timelike vector and Hi is orthogonal to Xi (see Eq. 14), it follows 
that Hi must be a spacelike vector, i.e., HiHi < 0, and that is the reason 
why we introduce a negative sign in the definition of H2. Thus H2 > 0. 
Also, in what follows, we shall refer to $H2 as the relativistic magnetic 
pressure and to P as the relativistic total pressure. 
As our fundamental equations, we take (l)-(3), (6), (7), (14)-(16) where Tij 
is given by (18)-(20). It might be remarked that the ten equations (4) and (5) 
are replaced by the eight equations (14)-(16); since (16) are essentially the 
same as the first set of (4), these are at most three independent equations (cf. 
skew-symmetry of kij). The second set of (4) is automatically satisfied 
because of the skew-symmetry of 7 <jkL in any two of the suffixes (see Eq. (13)). 
Thus the fundamental equations are at the most sixteen independent equa- 
tions and the unknowns occuring in them are also sixteen which may be taken 
as & , Hi, Ji, p, p, 7, and S. The ten quantities gij may be added to the 
unknowns by including the ten field equations. We will, however, not be 
concerned with finding a solution of these equations in this paper. 
Finally, it may be shown that an equation for the production of entropy of a 
fluid particle can be written as 
V,(pSXi) = ($2/T) Vi(XiH2). 
Also, we write the relation (see Eqs. (15) or (5)) 
v,J” = 0, 
which is the law of conservation of the current 4-vector. 
(21) 
(22) 
4. THE BASIC SHOCK RELATIONS 
Let & be a typical relativistic hydromagnetic shock wave and let Es 
divide spacetime into two regions R and ‘R. Suppose the dashed and undashed 
quantities represent their values in ‘17 and R respectively just adjacent to x3 . 
(There will be no confusion between an undashed quantity and the value 
of the same quantity at an arbitrary point of spacetime, because in the sub- 
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sequent work we shall need quantities just adjacent to & only.) Further, let 
& be a 4-vector normal to xa at the point xi . Then, if the metric tensor 
gij and its first derivatives are continuous across the shock wave x3 , we get 
from (2), (3) and (16) respectively the following junction conditions [9]: 
pL = ‘p ‘L 
pL(‘~ ‘Aj - WA’) - p(‘M ‘Hj - Mffj) =-; (‘P - P) ,$j 
‘L ‘Hj _ ‘M ‘hi Iz LHj _ &T,ji, 
(23) 
(24) 
(25) 
where use has been made of the definition of Tij (see Eq. 18), and 
Similarly, we get from (22) the result 
& ‘7 - +Ji = 0. (27) 
Finally, since (15) is valid on both sides of the shock wave, the Eqs. (15) give 
+j”z(Oi ‘HI, ‘A, - C,H,X,) = ‘J/ - J’. (28) 
It may be remarked that the normal component of the current 4-vector JJ 
is continuous across the shock. Also, (28) may be regarded as a relation to 
determine the jump in Jj provided one knows the jumps in &, Hi and their 
first derivatives. But almost the entire theory of shock waves lacks in the 
details of such results. The usual practice has been to define a new quantity 
p, called the sheet current, by a relation of the type 
Clearly &p = 0. But even though &(‘J” - F) = 0, it does not follow that 
fi = ‘Ji - Ji. Of course, the jump vector in Ji lies in the shock hyper- 
surface, as does the vector 7. A relation between 7 and (‘Ji - y) might be 
established, but the method is by no means simple or even clear. It is pro- 
posed to report in a future communication the determination of the jump in 
Ji by finding those in hi, Hi and their first derivatives. 
The relations (23)-(25) and (28) may be regarded as the basic shock 
relations for the problem in hand. These are, however, to be supplemented 
by the thermo-dynamical relations like (7) which hold on both sides of the 
shock. We regard the undashed quantities as known and the dashed quantities 
to be determined. Now, (23)-(25) and (28) are at most 1 + 4 + 3 + 4 = 12 
independent equations and the number of unknowns occurring in them may 
be thirteen, ‘& , ‘Hi , ‘Ji , ‘p, ‘p. (Because of the kinetic condition ‘Xi ‘Xi = 1, 
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we regard ‘Xi as three and not four unknown quantities. The thermodynamical 
variables other than ‘p, ‘p can be expressed in terms of these two. Also, 
because (25) is a consequence of (16) or of the first set of (4) these are at most 
three independent equations.) Thus, as is usual in the shock wave theory, 
the basic system is under-determinate. 
Finally, we write down the formulas for the relative speed of the fluid on 
the two sides of the shock as [l] 
Equations (30) determine the speed of the shock and that of the fluid on one 
side in terms of quantities on the other side of the shock. 
5. CONTACT DISCONTINUITIES 
For a contact discontinuity, L = 0. Also, assuming that on neither side 
of the shock there is a vacuum, it follows from (23) that ‘L = 0. Such a 
discontinuity consists purely of world-lines of the fluid particles and is at 
rest with respect to the fluid. To study further some of the properties of 
contact discontinuities, we consider two cases, that is to say (i) M # 0 and 
(ii) M = 0. 
If M # 0, the relation (25) becomes 
‘M ‘# = Mhj. (31) 
Multiplying (31) scalarly by hj , ‘Xi respectively and eliminating Xj ‘hj, it 
follows that ‘M = fM. It also follows from (31) that hi ‘Hj = 0; ‘h&P = 0. 
If ‘M = M, then ‘Xj = hj and (25) becomes 
-pM(‘Hj - Hj) = (‘P - P)p. (32) 
Now if one multiplies (32) by Hj , ‘Hj , one obtains, by adding and sub- 
tracting the resulting formulas, 
p(‘H2 - H2) = 2(‘P - P), 
(‘Hi - Hj) (‘Hj - Hj) = 0. 
(33) 
It then follows from (2) and the first of (33) that ‘p = p. Thus the velocity 
4-vector hi and the hydrodynamical pressure are continuous across the 
shock wave. It also follows from the second eqn. of (33) that the jump vector 
in the relativistic magnetic 4-vector Hi is a null vector. The other quantities, 
such as p, S may have arbitrary jumps. 
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The case ‘M = -M may be studied similarly. 
Secondly, for the case M = 0, it is easily concluded that the total pressure 
P is continuous across the shock and the other quantities may undergo 
arbitrary jumps. 
5a. The Case when Hj = 0 or ‘Hj = 0. 
There may exist relativistic shock waves across which the relativistic 
magnetic field vanishes if present or appears if absent. Thus, let us think of a 
shock for which ‘Hj = 0 and Hj f 0. Then the shock relation (25) becomes 
LHf - M/V = 0. (34) 
Now, because h,H’ = 0 (see Eq. (14)) and /\,hi = 1, it follows from (34) 
on multiplying scalarly by Hj and hj that L = 0, M = 0. Also ‘L = 0; see 
(23). Thus, such shocks must be contact discontinuities for which M = 0. 
Since the total pressure is continuous for such shocks and ‘H2 = 0, it follows 
that 
‘P-p=&@, (35) 
that is, the hydrodynamical pressure increases by an amount equal to the 
relativistic magnetic pressure ahead of the shock wave. 
In the second case, when Hi = 0, ‘Hi # 0, it can be shown as above that 
‘p - p = -&‘H2, i.e., the hydro-dynamical pressure decreases by an 
amount equal to the relativistic magnetic pressure behind the shock wave. 
These are also contact discontinuities. 
6. THE CASE ‘M = M, M # 0 
In this case the component of the relativistic magnetic 4-vector normal to 
the shock is continuous. Since &(‘Hi - Hi) = 0, it follows that the shocks 
corresponding to this section are such that the jump vector in the relativistic 
magnetic 4-vector Hi is normal to @, that is it lies in the shock wave. 
If one multiplies (25) by hj , ‘Xi , Hj and ‘Hi respectively and uses (23), 
(14) and (20), one gets 
‘pM(A - 1) = pLB; pB = ;oC (36) 
Ip(MC - LH2) = pLD, (37) 
‘pMB - pL ‘H= = ‘pLD, (38) 
where A, B, C, D are defined as 
A = /ii ‘Xi, B z Ai ‘Hi, C = ‘&Hi, D = ‘HiHi. (39) 
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Similarly one gets from (24), 
pL(‘wA - w) - pMB = (‘P - P)L, (40) 
‘pL(‘w - WA) + pMB = (‘P - P)L, (41) 
p’wLC - pM(D + Hz) = (‘P - P) M, (42) 
-lpwLC + pM(D + ‘Hz) = (‘P - P) M. (43) 
Finally scalar multiplication of (24) by +j gives 
pL(p ‘w - ‘pw) = ‘p(‘P - P)+#. w 
The relations (36)-(38) (40)-(44) and the formulas (30) are sufficient to 
study the desired shock phenomena. At the most, seven out of the eight 
relations (36)-(38), (4&(43) are independent. With the help of these relations, 
one may get the junction conditions for the physical quantities at the shock. 
In order to proceed further, it is convenient to consider the following cases 
separately: 
(i) When the relativistic magnetic field vector ‘Hj lies in the 3-space 
orthogonal to hj, or, in particular, when Hj does not change its direction 
while crossing the shock. 
(ii) When after crossing the shock, Hj becomes normal to itself; 
(i) and (ii) do not hold simultaneously. 
(iii) When condition (i) may not be valid. 
(iv) When the strength of the relativistic magnetic field is continuous 
across the shock. 
In the first case, B = 0, and hence A = 1; see Eq. (36). Also, adding (42), 
(43) and using (20), we get ‘p =p. Thus (40) and (41) give 
p(‘w - w) = &(‘H2 - Hz), 
I~(‘w - w) = &(‘H2 - Hz). 
It also follows from (37) and (38) that 
which is in fact always true in this section. 
Further, subtracting (42) from (43) we get 
(45) 
(46) 
(47) ‘H2+H2+2D=0. 
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Now (45) gives (‘p - p) (‘w - w) = 0; that is, either ‘p = p, or ‘w = w. If 
‘p = p, then ‘Hz = Hz and ‘w = w; see Eqs. (46) and (45). Similarly ‘w == w 
implies ‘Hz = H2 and ‘p = p. In either case, we get from (47) that 
Hj(‘Hi - Hi) = 0, that is, the jump vector in Hj is normal to Hi. Further, 
the relations (24) and (25) become 
pLw(‘Xj ~ Ai) -- /&f(‘Hj - Hi) = 0, (48) 
L(‘ffi - Hj) = $f(‘jQ - Aj). (49) 
These are the two junction conditions for hj and Hi. It might be remarked 
that ‘Hz = H2 does not necessarily imply that ‘Hj = Hj. But if Hj is con- 
tinuous, then so is hj. In case Hj is not continuous, the formulas (30) reduce 
to the single formula 
23 = pM2/(pnP + pw) (50) 
where we have taken CJ$ to be a unit spacelike vector. The relation (50) gives 
the speed of propagation of the shock wave. 
The case A = 1 also corresponds to the above case. 
We consider the second and the third cases simultaneously. By adding 
(40) and (41), (42) and (43) we get after using (36), 
A(p ‘w - ‘pw) = 2(‘P - P) - (‘p ‘w - pw), 
(A - 1) (p ‘w - ‘pm) = 2(‘P - P) - p(‘H2 - H2). 
Thus, if ‘pw - p ‘w = 0, we get (see Eq. (20)), 
(51) 
(52) 
‘p=P 
p(‘H2 - H2) = (w/p) (‘p” - p”). 
The latter equation becomes by use of (46) and (19), 
(53) 
(54) 
(‘P” - p”) (7 - LLQH~/P) = 0, (55) 
which implies that ‘p = p, because Q < 1 and the second factor of this 
equation cannot be zero. Also, ‘H2 = Hz; see Eq. (46). Thus, the pressure p, 
the density p and H2 are all continuous across the shock. Also, L = ‘L and 
w = ‘w. However, it does not follow that ‘Hj = Hj and ‘K = hj. In fact (24) 
and (25) again reduce to (48) and (49), and (30) comes to (50). 
But if p’w - ‘pw # 0, we can show that the resulting shock is in general 
not physically admissible. For, in that case, one gets, after eliminating A 
between (51) and (52) 
(‘p + p) (‘w - w) = p(‘H2 - H2), 
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which may also be written as (see Eqs. (46), (19)) 
p2(‘7 - 7) = PQH2(‘f - P>. (56) 
But in general R is negligibly small and if we take it to be zero, then ‘7 = 7; 
that is the specific enthalpy of the fluid is continuous across the shock; see 
Eq. (7). It can be further shown that the specific entropy of the fluid decreases 
across the shock, which is thermodynamically impossible. This can be shown 
easily be regarding the fluid to be a perfect gas, for example, with internal 
energy e to be equal to p/p(y - l), so that 7 = 1 + r$/(r - l), and ‘7 = 7 
gives ‘p/p = ‘p/p. The result then follows immediately from a relation of the 
type p =f(S) py, y > 1, which gives f(‘s)/f(s) < 1, since otherwise 
‘p = p, ‘p = p, ‘w = w and hence ‘pw = p’w. However, for values of Q 
other than zero, there may be a real shock. 
Finally, it can be shown that the last case, that is to say ‘H2 = H2, cor- 
responds to the one considered above in which the speed of propagation is 
given by (50). 
To sum up, for ‘M = M, M # 0, there is only one physically admissible 
shock wave across which the rest density of the fluid, the pressure and the 
strength of the relativistic magnetic field are continuous and which is further 
characterized by the Eqs. (48), (49) and (50). 
7. PERPENDICULAR SHOCK WAVES 
We call x3 a perpendicular shock wave if the magnetic field vectors Hj, 
‘Hj are normal to C#Q , that is, if ‘M = 0, M = 0, or in other words ‘Hj, Hi 
lie in the shock front. Such shocks may also be called magnetic contact 
discontinuities. For such shocks, the fundamental relations (23) (24), (25) 
become 
‘p ‘L = pL, (57) 
pL(‘w ‘hj - wxq = (‘P - P)@, (58) 
‘L ‘Hj c LHj. (5% 
We suppose throughout that L # 0, since otherwise it becomes one of the 
cases considered already. 
First of all we show that the case ‘P = P, that is, the case ‘p - p = 
- &(‘H2 - H2), does not correspond to a real shock. In this case, Eq. (58) 
becomes 
‘w ‘hi - wjjj = 0. (60) 
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If we multiply (60) first by ‘hj and then by & , we get 
Aj I$ _ Iwjw & ‘A’ -= wyw, 
so that w = ‘w, and hence ‘hi = Xi. Again, if we multiply (60) by di and use 
(57) and the relation ‘w = w, it follows that ‘p = p, which implies with the 
help of (57) and (59) that ‘Hj = Hj. It may then also be seen that ‘p = p. Thus 
all the quantities are continuous. This does not correspond to a shock wave. 
Secondly, we show that the case ‘p = p does not correspond to a real 
shock wave. For, if ‘p = p, it follows from (57) and (59) that ‘L -L and 
‘Hz = H2. Also, then ‘P - P = ‘p - p. Thus (58) becomes 
pL(‘~ ‘Aj - wN) _ (‘p - p) +j, 
The scalar multiplication of this relation by Xj and ‘llj , respectively, gives 
p(‘~/\j U - W) = ‘p - p, 
p(‘~ - WA? ‘Xj) = ‘p - p. 
Eliminating hi ‘P between the above two equations, we get 
‘p -p = p(‘w - w) = p(‘7 - 7). (61) 
We assume the fluid to be a perfect gas with constant specific heats, so that 
the internal energy per unit mass is given by p/p(y - I), where y > 1 is the 
ratio of specific heats of the gas. Thus 17 = 1 + yp/p(y - I), and the pre- 
ceding equation gives ‘p = p and ‘w = w. Also it follows then that ‘Xj = K. 
It may be noticed from (59) that ‘Hz = H2 implies ‘p = p and vice versa. 
Thus for ‘H2 = H2 also there is no real shock. 
Next suppose that ‘p =p, i.e. ‘P - P = &(‘H2 - Hz). Substituting for 
‘P - P in (58), multiplying scalarly by hj , ‘hj , respectively, and eliminating 
Aj ‘M, we get 
p(‘w - w) = &u(‘H2 - Hz), 
or, using the definition of w and 7, 
yp(‘p - p) = (y - 1) /L ‘p(‘H2 - HZ) (4 - Q). (62) 
This equation and the Eq. (59), which may also be written as p2 ‘Hz = ‘pzH2, 
determine the quantities ‘p and ‘H2 in terms of quantities on the other side of 
the shock. It might be remarked that D << 4. Hence p and H2 increase or 
decrease simultaneously across the shock. We will not discuss this further 
here because it can be deduced as a particular case from the more general 
one which we study below. But it is important to note that in hydromagnetics 
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there may exist real shock waves across which the hydrodynamical pressure is 
continuous. In the nonmagnetic case, this is not possible. 
From now onwards, we assume that 
‘P - P # 0, ‘P f P, ‘H2 # H2. 
Now, since (58) is homogeneous in 4, we may write, except for a factor of 
proportionality (which is of no importance here) 
pL = ‘P - P (63) 
Also, it follows from (57) and (59) that 
p2 ‘Hz = lp2ff2. (65) 
If we multiply (64) scalarly by hj , ‘hj , respectively, we get 
so that (57) and (66) combine to give 
Ai Ihi = ‘p St3 + pw 
‘PW + P ‘w 
L = 'PbJ2 - w") 
rpw $ p ‘w . 
Then (63) becomes 
w-9 
(68) 
p ‘p(‘w2 - w”) = (‘P - P) (‘pw + p ‘w), (69) 
and (64) gives, on squaring and using (57), (67) and (69), 
p ‘p&y = (p ‘w - ‘pw) (‘P - P). (70) 
Further, the formulas (30) for the shock speed and the speed of the fluid 
across the shock wave become 
o2 = 'P2('W2 - w") 
‘w2(‘p2 - p”) ’ 
Pa2 = P2(‘W2 - w”) 
wyp2 - p”) . (71) 
The important relaffons for further discussion of this section are (65) and 
WW’1). 
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7a. Weak Shocks 
First let us consider the case of shock waves across which the changes in 
the physical quantities are so small that their squares and products are 
negligible. We may thus write ‘p = p + Sp, ‘Hz = H2 + SH2, P’ = P -+- SP, 
tw=w+sw., where Sp, SH2, SP, SW (positive or negative) are small but 
unknown. Thus, for weak shocks (65) and (69) reduce to, respectively, 
2H2Sp = pSH2, (72) 
psw = SP. (73) 
Also (71) becomes the single formula 
SW a2FP-= SP 
w SP w6p’ 
(74) 
where a is the limit to which v (or ‘v) tends to. The result (74) may also be 
written as 
P2 S py + ~(1 - Q) Hz 
a2 = prl + P(l - Q) H2 Sp P 
a2 = prl + /~(lp-- L’) H2 Sp ?(P + iW2). (74") 
The formulas (74) give the speed with which a small disturbance propagates 
in the spacetime of general relativity when the matter distribution is an 
infinitely electrically conducting compressible fluid and the magnetic field 
lies in the plane of the wave. Such a disturbance may be referred to as a 
relativistic hydromagnetic sound wave. 
A number of particular cases of (74) may be noticed. For instance, in the 
limit of vanishing electromagnetic fields, these give a formula for the purely 
hydrodynamical sound speed in a relativistic gas, viz 
s sr! a2=--. 
7 SP 
This formula agrees with a known result [3]. In the appropriate Newtonian 
limits it reduces to the well-known formula for speed in the nonrelativistic 
theory. 
The nonrelativistic limits of (74) for the hydromagnetic sound waves may 
also be obtained and may be shown to be 
aa = (VP) (P + Wf2). (76) 
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In (76) the quantities u2, p, p, H2 have their Newtonian meanings and the 
velocity of light is not involved. 
Next, in another extreme case, that is to say when the electromagnetic 
fields are very very strong as compared with the material field, the speed of 
propagation as determined from (74”) is equal to the fundamental speed 
(c = 1). This corresponds to the case of electric waves. 
Finally, the case D = 0, that is when the dielectric constant E and the 
magnetic permeability TV have their vacuum values, can be obtained readily 
from (74). 
Further, if the fluid under consideration be a perfect gas with constant 
specific heats, we have 77 = 1 + rp/(r - 1) p. Thus, expressing SW and SP 
in terms of Sp, 6p and 6H2 with the help of (19) and (20) the relation (73) may 
be written as 
1 - Q) Hz/ Sp - cL (+ - s-2) 6H2, 
which becomes, on using (72), 
L++-(&p+@H2)6p. 
Y--l 
(77) 
The laws (72) and (77) are the laws of interdependence of 6p, Sp and SH2. It 
follows that all these jumps depend on one another in a linear way. Also, for 
vacuum values of 6, ,u, the relation (77) is independent of the magnetic fields, 
and Sp/Sp = yp/p, which is the formula for sound speed in the nonrelati- 
vistic theory. This implies that p = Apy, where A (possibly a function of 
entropy) is a constant of integration. It is thus important to note that in 
hydromagnetics, for ideal gas with infinite electrical conductivity, the relation 
p = Apy is valid for only vacuum values of the dielectric constant and the 
magnetic permeability. This result is true not only for the present section but 
in general also. as may be seen from Eqs. (6) and (21). 
7b. Shocks of Arbitrary Strength 
We now study the relations (65) and (69)-(71) when the jumps in the 
physical quantities are of arbitrary magnitudes, small or large. The forth- 
coming results are based on the assumption that ‘P - P > 0. The case 
‘P - P < 0 is similar. 
It follows from (69) that ‘w > w and hence, in order that the speeds of 
propagation be real, the equations (71) imply that ‘p > p. Also, from (65), 
‘H2 > H2. Thus, the total pressure, the rest density of the fluid and the 
strength of the magnetic field all increase simultaneously across the shock. 
It can also be argued that ‘p/‘p > p/p. 
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To obtain some further properties of the shocks under consideration, it is 
desirable first to prove that the normal 4-vector q$ is spacelike, i.e. c$# < 0 
(see Eq. 70). To do this, it is sufficient to prove that 6(w/p) < 0, where 
S(w/p) is a small change in w/p across the shock. First we notice that 
‘w/‘p - w/p # 0. Since otherwise p’w = ‘pw, and from (69) 
where we have used 7 = 1 + yp/p(y - 1) and have also used the definitions 
of w and P as given in (19) and (20). Now ‘w > w, ‘p/‘p > p/p and Q < 1. 
Thus the equation (73) cannot be valid if 1 < y < 2, which is usually the 
case. Thus p ‘w # ‘pw. Now we shall show that pSw - wSp < 0. Since for 
small changes, pSw = SP (see Eq. 73) it is required to prove that 
SP + &$H2 - wSp < 0. (79) 
Using (72) and (77), the inequality (79) is valid if 
because Sp > 0. Since Q Q 1, 1 < y < 2, p > 0, p 3 0, the inequality (80) 
is valid in general. We shall henceforth take 
p ‘w - ‘pw < 0. (81) 
Now with the help of (81), it is easily shown that (i) the relative speed of 
fluid ahead of the shock (that is in the region R) is greater than the speed 
behind (that is in the region ‘I?) the shock, and (ii) the relative flow ahead of 
the shock is supersonic and behind the shock it is subsonic. 
Finally, as regards the algebra of relativistic hydromagnetic perpendicular 
shock waves, we may proceed as follows: Let us define the dimensionless 
variables 
‘W 
x=--, 
‘P 
W 
y=‘) 
P’ 
z=-, 
P 
(2, I;+ (82) 
Then, we get from (19) and (20) respectively 
z(x - 1) = 5 $ - + - (Y 4 PU Q> g (1- 4, 
5- 1 =$(r- I)+&+- 1). 
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Also, the relations (65) and (69) become 
22 = 5, 
z(x - 1) = $- (5 - 1) (X + 2). 
Now, let us write $H2/P = c, . It then follows from P = p + &HZ that 
p/P = 1 - Cl. Also, let us write P/pw = cs . Then p/pw = c2(l - cr) and 
pH21pw = 2c,c, . Thus, the above four equations may be written as 
5 - 1 = (1 - cr) (y - 1) + c&z2 - l), (83) 
z(x - 1) = --& 4 - Cl) (y - z> + 2c,c,(l - Q) (z” - z>, (84) 
z(x2 - 1) = c2(5 - 1) (X + z), (85) 
2 = 5, (86) 
where cr and ca are nondimensional parameters and y is the ratio of the specific 
heats of the gas. Also, we have 
o<c, < 1; 0 <c, < 1. 
Next, the Eqs. (71) become 
- v2 2(x2 1) - r 
’ fv2 
= - x2 1 xz - x2 
x”(z” - 
1) 
.z2 - 1 2 02. 
The relations (83)-(87) are the laws of interdependence of the variations in 
the various physical quantities in crossing the shock. For different values of 
cl , c2, y and Q, we may plot x, Y, x, 5,L v, ‘v against one another. But it must 
be remembered that 0 < L? < 1, and for a real shock 
x> 1, y>l; z> 1; 5 > 1; z > x. (88) 
The following table shows, this interdependence numerically for cr = cs = 4, 
y = # and Q = 0 (vacuum values of E and ,u). 
Since, in this case, entropy is essentially a logarithm of p/p’, the quantity 
r/x’ gives a measure of the increase (or decrease) in entropy. It might be 
checked that with increase in the relative speed of the fluid in the undashed 
region, the relative speed of the fluid in the dashed region decreases. All 
other quantities increase simultaneously. The order of magnitude of the 
jump in the entropy is very much smaller than the order of magnitude of the 
409/56/3-16 
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jumps in the other quantities. It is also seen that as x, X, y increase, z, becomes 
of the order of the velocity of light (c = 1). This is expected because in this 
case the jump in the electromagnetic field, that is 5, dominates the jumps in 
the other quantities. This corresponds to the electromagnetic shock waves. 
TABLE 1 
Interdependence of x, y, z, 6, 5, P) %, ‘z? and y/.zy for Perpendicular Shock Waves for 
Cl = c2 = 4, y = #, .Q = 0. 
z x Y I 
1.1 1.0866 1.1536 1.1818 
1.2 1.1717 1.3147 1.3773 
1.3 1.2555 1.4828 1.5864 
1.4 1.3384 1.6583 1.8091 
1.5 1.4204 1.8408 2.0454 
1.6 1.5018 2.0305 2.2952 
1.7 1.5827 2.2274 2.5587 
1.8 1.6631 2.4314 2.8357 
1.9 1.7431 2.6425 3.1262 
2.0 1.8228 2.8608 3.4304 
3.0 2.6116 5.4460 7.2230 
4.0 3.3948 8.7722 12.3861 
5.0 4.1772 12.8480 18.9240 
10.0 8.0919 44.5586 72.2793 
100.0 78.6742 3856.5600 2428.2800 
1 V” ‘$ YlZY 
1.21 0.8818 0.8604 1.0000 
1.44 0.8887 0.8472 1.0001 
1.69 0.8953 0.8349 1.0004 
1.96 0.9018 0.8241 1.0011 
2.25 0.9078 0.8139 I .0020 
2.56 0.9134 0.8046 1.0032 
2.89 0.9186 0.7961 I .0049 
3.24 0.9234 0.7882 1.0068 
3.61 0.9279 0.7809 1.0089 
4.0 0.9320 0.7741 1.0114 
9.0 0.9600 0.7274 1.0480 
16.0 0.9741 0.7016 1.0965 
25.0 0.9809 0.6725 1.1491 
100.0 0.9946 0.6512 1.4298 
10000.0 0.9999 0.6189 3.8556 
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